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Abstract
In this paper the notions of trapping and confining the robber on
a graph are introduced. We present some necessary conditions for
graphs G not containing the path on k vertices (for some k ≥ 4) as an
induced subgraph so that k− 3 cops do not have a winning strategy on
G. Utilizing the latter conditions together with a characterization of
cographs, we show that on cograph the robber can always be confined
by one cop. We conclude by posing a conjecture about the confining
cop number of Pk-free graphs.
Keywords: Cographs; Confining Cop Number; Game of Cops and
Robbers; Trapping Cop Number; Pk-free Graph; Train-chasing Lemma
AMS subject classification: 05C57, 91A46
1 Introduction
For the definition of the game of cops and robbers and relevant basic definitions
and terminology, see [3]. For other basic graph theoretic definitions see ??.
The game of cops and robbers on graphs with a forbidden induce subgraph
was studied in [1]. The main results in [1] are summarized as follows:
Theorem 1. [1]
a. For a graph H, the class of H-free graphs is cop-bounded iff every
component of H is a path.
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b. The class of Pk-free graphs (k ≥ 3) is (k − 2)-copwin.
The results in [1] were extended [2, 3], mainly through the introduction of
the Train-chasing Lemma (Lemma 2), to the game of cops and robbers on
graphs with a set of forbidden induced subgraphs.
Definition 1.1. [3] Let G be a graph and U be the set of all triples (u, v,H)
where H is a connected subgraph of G, and u, v ∈ V (H) with dH(u, v) ≥ 2.
A chasing function for G is a function θ mapping every triple (u, v,H) ∈ U
onto the neighbor of u along a (u, v)-shortest path in H.
Lemma 2 (Train-chasing Lemma [3]). Consider an instance of the game
of cops and robber on a graph G. Let θ be a chasing function for G. Let
k ∈ N and suppose on the cops’ turn in step one there are k cops C1, . . . , Ck
in a vertex v1 of the graph while the robber is located in a vertex w1. Further,
suppose the robber can and will play in such a way to survive the next k steps
of the game, regardless of how the cops C1, . . . , Ck play. Denote the following
(generally not predetermined) robber’s positions with w2, . . . , wk. Then, let
Hi (i ∈ [1 ·· k]) and vi (i ∈ [2 ·· k]) be defined recursively by the following
relations:
• H1 = G;
• vi+1 = θ(vi, wi, Hi) for i ∈ [1 ·· k];
• Xi = NHi(vi) \ {vi+1} for i ∈ [1 ·· k];
• Hi+1 : the component of v1 in Hi −Xi for i ∈ [1 ·· k].
Then the following holds:
a. Every Hi is an induced subgraph of G.
b. If uv ∈ E(G) \ E(Hk+1) such that u ∈ V (Hk+1), then v ∈
⋃k
i=1Xi.
c. Vertices v1, . . . , vk+1, in that order, induce a path in Hk.
d. The cops can play such that on the cops’ turn in step k every Ci,
i ∈ [1 ·· k], is located in vertex vi.
e. Keeping every Ci in vi for the rest of the game forces the robber to stay
in Hk+1.
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Figure 1: Train-chasing the robber according to Lemma 2 [3]
The Train-chasing Lemma was in particular used to characterize classes
F of graphs such that F-free graphs are cop-bounded, under the condition
that there is a constant bounding the diameter of the components of elements
of F [3]. The latter characterization generalizes Theorem ??(a). We should
point out that following extension of Theorem 1(b) is an immediate corollary
of the Train-chasing Lemma. (See [4] for the definition of the one-active-cop
version of the game of cops and robbers.)
Theorem 3. [3] For k ≥ 3, k−2 cops require no more than k−1 steps of the
game to capture the robber on a Pk-free graph in the one-active-cop version
of the game of Cops and Robbers.
The class of P4-free graphs, also known as cographs, is of special interest
in this paper. Note that by Theorem 1(b), cographs are cop-bounded by two.
Our main result (Theorem 1) strengthens this fact, based on the new notion
of confining, rather than capturing, the robber on a graph.
Definition 1.2. The trapping cop number of a graph G, denoted tcn(G),
is the minimum number of cop that can force an arrangement of the cops
and the robber on vertices of G in which the robber has to stay in the closed
neighborhood NG[v] of a vertex v in order to avoid capture in the next move
of the cops, in which case we say that the cops have trapped the robber.
Definition 1.3. The confining cop number of a graph G, denoted ccn(G), is
the minimum number of cop that can force an arrangement of the cops and
the robber on vertices of G in which the robber has to stay in its position
in order to avoid capture in the next move of the cops, in which case we say
that the cops have confined the robber.
Definition 1.4. Let G be a graph with |G| ≥ 3. We call a vertex v of G a
confined corner of G if there exists a vertex w such that dG(v, w) = 2 and
NG(v)⊆NG(w), in which case w is said to confine v in G.
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Proposition 4. For every graph G one has tcn(G) ≤ ccn(G) ≤ c(G) ≤
tcn(G) + 1.
Proof. The first two inequalities are obvious. As for the last one, note that
With tcn(G) + 1 cops at hands, tcn(G) of them eventually force the robber
to stay in NG[v] for some vertex v. By keeping those cops stationary and
placing in a finite number of steps the remaining cop in v, the capture of the
robber will be guaranteed.
Proposition 5. If G is a Pk-free graph for some k ≥ 3, then tcn(G) ≤ k− 3.
Furthermore, cops need no more than k − 3 steps of the game to trap the
robber in the one-active-cop version of the game of Cops and Robbers.
sketch. The proof is just an adaptation of the proof of Theorem 3 with k − 3
cops in play. See [3] for details.
Remark. The case k = 3 is a triviality.
Note that by Theorem 3 and Propositions 4 and 5, for a Pk-free graph G
one has tcn(G) > k − 3 iff tcn(G) = c(G) = k − 2.
Notation. Given k ≥ 3, we will denote the class of all Pk-free graphs G
satisfying ccn(G) = k − 2 (resp. c(G) = k − 2) by G[c]k (resp. Gk).
In Section 2 we will establish some necessary conditions for elements of
Gk. The main result of this paper will be shown in Section ??, based on
the results of Section 3 and a known characterization of cographs, stated in
Theorem 6.
Definition 1.5. Distinct vertices u, v in a graph G are said to be twins (or
to form a twin pair) if every other vertex in G is adjacent to both u and v, or
non-adjacent to both u and v. A pair u, v of twin vertices in G is called true
(resp. false) whenever NG[u] = NG[v] (resp. NG(u) = NG(v)).
Theorem 6. A graph G is a cograph iff every non-trivial induced subgraph
of G has a pair of twin vertices.
2 Some properties of Gk
Proposition 7. Let G ∈ Gk, v ∈ V (G). With k − 3 cops at hands, suppose
the robber uses a winning strategy, and the cops start at v and play according
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to any chasing function θ for G in the first k − 3 steps of the game. Let Hi
and vi be as in Lemma 2. Furthermore, for j ∈ [1 ··(k − 3)] let
Mj := NG(vj) \
( ⋃
1≤i≤k−2, i 6=j
NG[vi]
)
,
and for j > k − 3 let Mj be the jth neighborhood of v1 in Hk−2. Then:
a. Mj = ∅ for j ≥ k − 1.
b. Mj 6= ∅ for each j ∈ [1 ··(k − 2)].
c. M1 ⇔Mk−2.
d. For each u ∈M1 and w ∈Mk−2, G[{u,w, v1, . . . , vk−2}] is a k-cycle; in
particular, every vertex of G belongs to an induced k-cycle.
Proof. At the end of step k−3 of the game we have the cops along the induced
path P : v1 = v, v2, · · · , vk−3 in Hk−2, the robber at a vertex w ∈Mk−2- hence,
in particular, Mk−2 6= ∅- and the game restricted to Hk−2 with properties
set forth in Lemma 2. In particular, if Mj 6= ∅ for some j ≥ (k − 1), Hk−2
and, hence, G would contain an induced k-path (indeed, (j + 1)-path) from
v1 to Mj , a contradiction. This establishes (a). Then, observe that since vk−2
dominates Mk−2, as long as the cops cover the vertices of P the robber has
to stay in Mk−2. Moreover, if Mj = ∅ for some j ∈ [1 ··(k − 3)], then keeping
cops in all vi with i ∈ [1 ··(k − 3)] \ {j} would still suffice to keep the robber
in Mk−2, allowing the cops to cover all vertices in {vi : i ∈ [1 ··(k − 2)] \ {j}}
in the next step of the game; thereby capture the robber by the following step
of the game. But this contradicts the assumption that G ∈ Gk. Therefore, (b)
also holds. Next, note that that if there exist x ∈M1 and y ∈Mk−2 such that
xy /∈ E(G), then G[{x, v1, . . . , vk−2, y}] would be ak-path, a contradiction.
Hence, (c) must also hold. Finally, (d) is immediate from (c).
Lemma 8. Let G ∈ Gk. Then:
a. G is 2-connected.
b. Every edge of G appears in an induced k-cycle in G.
c. For every edge v1v2 of G one has N [v1] \ N [v2] 6= ∅; in particular G
contains no pair of true twins.
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Proof. a. In light of Proposition 7(d), it suffices to show that no induced
k-cycle in G contains a cut-vertex of G. To this end, consider an induced
k-cycle C of G and assume, toward a contradiction, that C contains a cut-
vertex x of G. Let B be the block of G that contains C, and B′ be another
block of G that contains x. Pick a neighbor y of x in C, and any neighbor z
of x in B′. Then, the graph
G[(V (C) \ {y}) ∪ {z}]
has to be be a Pk; a contradiction. b. Let v1v2 ∈ E(G). In light of (a),
we will adapt the proof of Proposition 7(d) to show that v1v2 belongs to an
induced k-cycle in G. Indeed, with k− 3 cops at hands, we will initially place
all of them at v1. In order to avoid capture, in any winning strategy for the
robber, robber has to be placed at a vertex w1 ∈ V (G)\NG[v1]. By (a), G−v1
is connected, thereby there is a (w1, v2)-path in G− v1. Thus, there exists a
chasing function θ for G so that v2 = θ(v1, w1, G). With the robber using a
winning strategy and the cops playing according to θ, the proof of Proposition
7 in particular establishes the existence of an induced k-cycle containing
the edge v1v2. c. Suppose, toward a contradiction, that v1v2 ∈ E(G) with
N [v1]⊆N [v2]. Then, as argued in (b), since G is 2-connected k − 3 cops can
play according to a chasing function θ so that the first two vertices occupied
by the cops are v1 and v2. But then, using the notations of Proposition 7,
one gets M1 = ∅, contradicting Proposition 7(b).
3 Cops and Robbers of Cographs
Theorem 9. For every cograph G one has ccn(G) = 1.
Proof. We will show that the class, say, C of cographs whose confining cop-
number is equal to two is empty. To this end, toward a contradiction, suppose
G is an element of C with minimum number of vertices. Since C⊆G4, G
has to be 2-connected with no pair of true twins, according to Lemma 8(c).
Therefore, G contains a pair v and w of false twins, according to Theorem
6. Then, since |H| < |G| the connected cograph H = G − {v} satisfies
ccn(S) = 1. Consider a fixed strategy S for a cop leading to confining or
capturing the robber on H. Then, in the game of cops on robbers on G with
one cop, move the cop within V (G) \ {v} by using the following strategy
shadowing S: If the robber moves to or from v, follow S pretending that the
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robber has moved to or from w. Eventually, the game will reach a situation
corresponding to confining or capturing the robber on H. The latter case, in
turn, corresponds to the capture of the robber on G unless the cop and the
robber on G are located at w and v, respectively, in which case the robber
is confined by the cop. Hence, we may assume the game on G has reached
a situation corresponding to the confinement of the robber on H while the
robber and the cop are positioned at vertices, say, x and y with dH(x, y) = 2.
Pick a vertex z ∈ NH(x) ∩NH(y). If the position of the robber in the actual
game (i.e. the game on G) is not x, then it has to be v, in which case x = w;
thereby,
NG(y) ⊇ NH(y) ⊇ NH(x) = NG(x) = NG(v).
Hence, in the game on G the cop (at y) has also confined the robber (at v).
Therefore, one only needs to deal with the case where the cop and the robber
are positioned in the actual game at x and y, as well. If, in addition, one has
v 6∈ NG(x) or v ∈ NG(x) ∩ NG(y), then NG(x) ⊇ NG(y), implying that the
robber has been confined on G. Hence, we may assume
v ∈ NG(x) \NG(y). (1)
As such, since G is P4-free, considering G[{x, y, z, v}] gives
z ∈ NG(v). (2)
(1) and (2) in particular imply x 6= w and z 6= w, respectively. Furthermore,
since x ∈ NG(v) \ NG(y) and v and w are (false) twins in G, we also have
y 6= w. Hence, we have shown
w 6∈ {x, y, x}. (3)
Then, the fact that v and w are twins also implies
wx ∈ E(G), (4)
and then, that NH(y) ⊃ NH(x) implies
wy ∈ E(G). (5)
Finally, (1)-(5) imply G[{v, x, y, y}] ∼= P4, a contradiction. Hence, we must
have H = ∅, as desired.
7
4 Concluding Remarks
We conclude by posing a conjecture which generalizes Theorem 9 and can
potentially be approached using Lemma 8 and other similar facts.
Conjecture. If G is Pk-free for some k ≥ 4, then ccn(G) ≤ k − 3.
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